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Calculators are allowed, with the following restriction: you may not use a device
that has internet access, that can communicate with other devices, or that contains
previously stored information. For example, you may not use a smartphone or a
tablet.

Instructions
1. Do not

2.
3.

open the contest booklet until you are told to do so.
You may use rulers, compasses and paper for rough work.
Be sure that you understand the coding system for your answer sheet.
ask your teacher

If

you are not sure,

to expiain it.

4. This is a multiple-choice test. Each question is followed by five possible answers marked
A, B, C, D, and E. Only one of these is correct. When you have made your choice, enter
the apptopriate letter for that question on your answer sheet.
Scoring: Each correct answer is worth 5 in Part A, 6 in Pari B, and B in Part C.
There is n,o penalty fol an incolrect answeL.
Each unanswered question is worth 2, to a rnaximum of 10 unanswered questions.
6. Diagrams are not drawn to scale. They are intended as aids only.
7. When your supervisor instructs you to start, you will have s'irty minutes of working time.

5.

The name, school and location of some top-scori,ng stud,ents wi,Il be publish.ed, on the Web site,
cemc.uwaterloo.ca. You wi,ll also be able to find cop'ies of past Contests and ercellent resources
Jor enrtcltm,ent, problem soLui,ng and contest preparati,on.

Grade
Scoring: There is no penaltl1 for an incorrect

8

answer

Each unanswered question is worth 2, to a rnaximum of 10 unanswered
questions.

Part A: Each correct answer is worth

1.

The value of 1000 + 200

(A) 11e1

2.

- 10 + 1 is
(B) 11e0
(c)

118e

120e

(E)

1211

(D) 10:55

(E)

11:05

(D)

What time is it 45 minutes after 10:20?

(A) 11:00

3.

b.

(B)

e:85

(C)

11:15

Which of the following is closest to 5 cm?
(A) The length of a full size school bus

(B) The height of a picnic table
(C) The height of an elephant
(D) The iength of your foot
(E) The length of your thumb

^

Total Distance Run

The graph shows the total distance that each of five
runners ran during a one-hour training session. Which

runner ran the median distance?

(A) Phii
(D) Amal

5.

If r

(A)

6.

* 3:

110

(A) le

7.

21

(B)

3i'E oie. 3r
f 1b?
(c) 80

35

a perimet er

(B) 17
(E) 38

o

(C) pete

10, what is the value of

A rectangle has
is its length?

(D)

(B) Tom
(E) Sanjay

E

of

Runers

br

(D)

27

(E)

50

42and a width of 4. What

(c)

34

4

The equal-arm scale shown is balanced.
One I
has the same mass as

(A) OO
(B) OOO

(c)

oooo

(D) OOOOO
(E) OOaOOO
8

At the begin'ing of the summer, Aidan

was 160 cm tall. At the end of the summer,
he measured his height again and discovered that it had increased
by b%. Measured
in cm, what was his height at the end of summer?

(A) 168
9.

(B)

165

(c) 160.8

(D) r72

(E)

170

: 4 and g :2' which of the folrowing expressions gives the smailest vaiue?
(A)r+a
(B)ra
(C)"-y
(D)r+s
(E)s+r

rf r

Grade
10. The number represented by n

(A) 3

(B)

so

12

that

(c)

1 n.
+ _*_ls
(D)

e

Part B: Each correct answer is worth
11. In the diagram, the value of r
(A) 40
(B) 50
(D) 70
(E) 80

;

8

(E)

6

15

6.
140"

is

(c)

60

to

L2. Zara's bicycle tire has a circumference of 1.5 m. If.Zara travels 900m on her
how many full rotations will her tire make?
(A) e00
(B) 1350
(c) 600
(D) 450
(E) 1200
13. In the graph shown, which of the following represents the
image of the line segment PQ after a reflection across the

bike,

O

z-axis?

(A)
(D)

Ps
wv

(B) ru
(E) f'G

(c) MN

P

lul

x

)xi

G

14. carolyn has a $5 bill, a $10 bill, a $20 bill, and a $50 bill in her wallet. she closes
her eyes and removes one of the four bills from her wallet. What is the probability
that the total value of the three bills left in her wailet is greater than $20?

(A) 0.5
15'

(B)

0.25

(c) 0.75

(D)

1

(E)

0

Two puppies, Waiter and Stanley, are growing at different but constant rates. Walter's
mass is 12 kg and he is gro'n'ing at a rate of 2 kg/month. stanley's mass is 6 kg
and
he is growing at a rate of 2.5 kg/month. What will Stanley's mass be when it is equal
to Walter's?

(A) 2akg

(B)

28kg

(c) 32kg

(D)

36kg

(E) a2kg

16. There is a square whose perimeter is the same as the
perimeter of the triangle shown. The area of that square
is

8cm

(A) 12.25cm, (e) 196cm2 (C) 49cm2
(D)
77

36cm2 (E) 144cm2

6cm

when expressed as a repeating decimal, the fraction is written as 0.142g5214zgbl . . .
f
(The 6 digits 142857 continue to repeat.) The digit in the third position to the right
of the decirnal point is 2. In which one of the following positions to the right of the
decimai point wili there also be a 2?

(A) 119tr,

(B)

121",

(C) rn d

(D) t25th

(E)

1.26th

Grade

8

18. The operation A is defined so that oAb a x b + a -l b. For example,
2L5 : 2 x 5 + 2 + 5 : L7. If pL3: 39, the value of p is
(A) 13
(B) 12
(c) e
(D) 10.5
(E) 18
19. There are 3 tirnes as many boys as girls in a room. If 4 boys and 4 girls ]eave the
room, then there will be 5 times as many boys as girls in the room. In total, how
many boys and girls were in the room originally?

(A) 15

(B)

20

(c) 24

(D)

32

(E)

40

20. A rectangle

has side lengths 3 and 4. One of its vertices is at the point (1, 2). Which
of the following could not be the coordinates of one of its other vertices?

(A) (-3,-1) (B) (1,-5)

(c) (5,-1)

(D) (-2,6)

Part C: Each comect answer is worth 8,
21. In square PQRS, M is the midpoint of PS and 1{ is the
midpoint of ^9R. If the area of ASMItr is 18, then the
area of LQMN is
(A) 36
(B) 72
(c) e0
(D) 48
(E) 54

(E) (1,-1)
M

P

s

N

o

R

22. Exactly

120 tickets were sold for a concert. The tickets cost $12 each for adults,
$10 each for seniors, and $6 each for children. The number of adult tickets sold was
equal to the number of child tickets sold. Given that the total revenue from the ticket
saies was $1100, the number of senior tickets sold was

(A) 110
(B) 20
(c) 40
(D) 2
(E) 18
23. Thelistof integers 4,4,r,y,l3hasbeenarrangedfromleasttogreatest. Howmany
different possible ordered pairs (r,9) are there so that the average (mean) of these
5 integers is itself an integer?

(A) 7

(B)

8

(c) e

(D) 10

(E)

11

24- Two joggers

each ruu at their own constant speed and in opposite directions from
one another around an oval track. They meet every 36 seconds. The first jogger
completes one iap of the track in a time that, when measured in seconds, is a number
(not necessarily an integer) between 80 and 100. The second jogger completes one
lap of the track in a time, f seconds, where t is a positive integer. The product of the
smallest and largest possible integer vaiues of i is

(A) 3705

3762

2816

3640 (E) 36e6
25. The alternating sum of the digits of 63 195 is 6- 3+ 1- 9-l5 : 0. In general,
(B)

(C)

(D)

the alternating sum of the digits of a positive integer is found by taking its leftmost
digit. subtracting the next digit to the right, adding the next digit to the right,
then subtracting, and so on. A positive integer is divisible by 11 exactly when the
alternating sum of its digits is divisible by 11. For exampie, 63 195 is divisible by 11
since the alternating sum of its digits is equal to 0, and 0 is divisible by 11. Similarly,
92807 is divisible by 11 since the alternating sum of its digits is 22, but 60432 is not
divisible by 11 since the alternating sum of its digits is 9.
Lynne forms a 7-digit integer by arranging the digits 1,2,3,4,5,6,7 in random order.
What is the probability that the integer is divisible by 1i?

(A)

#

(B)

4,!

(c)

t

(D)

#

(E) #
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. 1. Evaluating, 1000+ 200 - 10+ 1 :

1200

-

10+

1

:

1190*

1

:

1191

Awswen: (A)

2. Since there are 60 minutes in an hour, then 40 minutes after 10:20 it is 11:00
Therefore, 45 minutes after 10:20 it is 11:05.
Arvswon: (E)

3. Of the possibie answers, the length of your thumb is closest to 5 cm.
ANswun: (E)
4. Reading from the graph, Phil ran 4km, Tom ran 6km, Pete ran 2km, Amal ran Skm, and
Sanjay ran 7km.
Ordering these distances from least to greatest, we get Pete ran 2km, Phil ran 4km, Tom ran
6km, Sanjay ran 7km, and Amal ran 8km.
In this ordered list of 5 distances, the median distance is in the middle, the third greatest.
Therefore, Tom ran the median distance.
Awswnn: (B)
5. Soluti,on 1
10, then
Since
When tr :7,the value of 5z* 15 is 5(7) * 15 35 + 15 50.

r*3 -

r:10 - 3:7.

:

Soluti,on 2
When multiplying r +3 by 5, we get 5 x (r+3) : 5 x
Since r*3:10, then 5 x (r* 3):5 x 10:50.
Therefore, 5 x (r + 3) : 5r -l 15: 50.

:

r*5

x

3

: 5r*

15.

ANswon: (E)
6. The two equal widths, each of length 4, contribut e 2 x 4: 8 to the perimeter of the rectangle.
The two lengths contribute the remaining 42 - 8 - 34 to the perimeter.
Since the two lengths are equal, they each contribute 34 + 2 : 17 to the perimeter.
Therefore, the length of the rectangle is 17.
ANswen: (B)
7. To begin, there are 4 circles and 2 rectangles on the left arm, balanced by 10 circles on the
right arm.
If we remove 4 circles from each side of the equal-arm scale, the scale will remain balanced
(since we are removing the same mass from each side).
That is, the 2 rectangles that will remain on the left arm are equal in mass to the 6 circles that
will remain on the right arm.
Since 2 rectangles are equal in mass to 6 circles, then 1 rectangle has the same mass as 3 circles.
Answen: (B)
8. Solut'ion L
A 5% increase in 160 is equal to .*a x 160 or 0.05 x 160 : 8.
Therefore, Aidan's height increased by 8 cm over the summer.
His height at the end of the summer was 160 + 8 : 168 cm.
Soluti,on 2
Since Aidan's 160 cm height increased by 5%, then his height at the end of the summer was
(1 +r*s) *160:(1 +0.05) x160:1.05x160:168cm.

ANswnn: (A)
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r : 4and E :2, trlA :
andy*tr:2+4:|.

9. When

.

Page

Therefore, the expression

:

:

11

:8, r-U : 4- 2 - 2, r . U : 4+2 :2,
which gives the smallest value when r : 4 and, y: 2 is A + r.
4+2

6, rU

4x2

ANswnn: (E)
70. Soluti,on 1
Evaluating using a denominator of
!2,L +

nis9.

Solut'ion 2
Since
and |
*,, then
The number represented by n is 9.

i+i:1+i:i

:

i: &+ t : $ and so the number represented by
j +1:

&.

Auswen:
11. Straight angles measure 180".
Therefore, A" + I40" : 180o, and so g : 180 140 : 40.
The three interior angles of any triangle add to 180".
Thus, 40'+ 80'+ zo : 180o, and so z: 180 - 40 80: 60.
Opposite angles have equal measures.
Since the angle measuring zo is opposite the angle measuring
ro, then tr : z: 60.

(C)

1400

yo

80o

zo

xo

Alswun:

(C)

12. Since Zara's bicycle tire has a circumference of 1.5 m, then each full rotation of the tire moves
the bike 1.5 m forward.
If Zara travels 900 m on her bike, then her tire wili make 900 + 1.5:600 full rotations.

ANswen: (C)
13. To find the image of PQ, we reflect points P and Q across the r-axis, then join them.
Since P is 3 units above the r-axis, then the reflection of P across the r-axis is 3 units below
the r-axis at the same r-coordinate.
That is, point 7 is the image of P after it is reflected across the r-axis.
Similarly, after a reflection across the r-axis, the image of point Q wiii be 6 units below the
r-axis but have the same r-coordinate as Q.
That is, point U is the image of Q after it is reflected across the z-axis.
Therefore, the line segment TU is the image of PQ after it is reflected across the r-axis.

Awswen: (B)
14. In the table below, we determine the total value of the three bills that remain in Carolyn,s
wallet when each of the four bills is removed.
Bill Removed Sum of the Bills Remaining
$5
$10+$20+$50:$80
$10
$5+$20+$50:$75
$20
$5+$10+$50:$65
$50
$5+$10+$20:$35

It

is equally likely that any one of the four bills is removed from the wallet and therefore any
of the four sums of the bills remaining in the wallet is equally likely.
of the four possible sums, $80, $75, $65, and $35, two are greater than $70.
Therefore, th_e probability that the total value of the three bitls left in Carolyn's wallet is greater
than $70, is t or 0.5.

,

ANswen: (A)
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15. In the table below, we list the mass of each dog at the end of each month
q
,
8
7
6
5
4
r)
2
1
0
Month
t2 T4 16 18 20 22 24 26 28 30
Walter's mass in kg
1t tr
18.5 2l 23.5 26 28.5
16
C)
8.5 11 I.J.J
Stanley's mass (in

10

11

72

32

34
33.5

36

31

36

After 12 months have passed, stanley's mass is 36 kg and is equal to Walter', S MASS.
each month, this
(Note that since Stanlly's mass is'increasing at a greater rate than Walter's
is the only time that the two dogs will have the same mass.)
Axswnn: (D)
16. First, we must determine the perimeter of the given triangle.
Let the unknown side length measure r cm'
Theorem we get
Since the triangie is a right-angled triangle, tttgl by the Pythagorean
: /i00 : 10 (since r > 0).
tr2 : g2_1_62 or i, :64*36 : 100 and so u
perimeter of the square
:
Therefore the perimeter of the triangle is 10 + 8 + 6 24 cm and so the
is also 24 cm.
:6 '
Since the 4 sides of the square are equal in length, then each measures T
"
Thus, the area of the square is 6 x 6 : 36 cm2'
Axswnn: (D)

to repeat again after
17. Since the number of digits that repeat is 6, then the digits 142857 begin
120 digits (since I20:6 x 20)'
That is, the 121"t digit is a 1, the !22nd digit is a 4, and lhe I23'd digit is a 2'
ANswnn: (C)
18. Usingthe definition of A, weseethatpa3: px3*p13:3p +?-+3:*p*3'
SincepA3:39, then 4p-13:39 or 4p:39- 3 - 36 and sop: T:g'

Auswnn: (C)

19

Soluti,on

1

is 1 girl and
originally there are 3 times as many boys as girls, so then for every 3 boys there
3 * 1 : 4 children in the room.
room'
That is, the number of boys in the room is f of the number of children in the
the
Next we consider each of the 5 possible uni*"rr, in turn, to determine which represents
total number of children in the room originally'
of bovs is
If the original number of children in the room is 15 (as in answer (A)), the number

9x15:*:11.25.
44

since

it

15 is not the correct
is not possible to have 11.25 boys in the room' then we know that

answer.

If the original number of children in the room is 20 (as in
f,

x 20: ? : 15'

answer (B)), the number of bovs is

i,

r-

,-

on -r15K : b'r
^r -:-r^ --,^^ 20

If the number of boys in the room was originally 15, then the number of girls was and
4
boys
once
room
in
the
Next we must check if there will be 5 times as many boys as girls
4 girls leave the room.
girl
If 4 boys leave the room) there are 11 boys remaining. If 4 girls leave the room, there is 1
is not the correct
remaining and since there are not 5 times as many boys as girls, then 20
answel
is
If the original number of children in the room is 24 (as in answer (c)), the number of boys

Ix2a:?:18.

If the number of boys in the room was originally

18, then the number of girls was 24 - 18

:

6'
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If 4 boys

leave the room, there are 14 boys left and if 4 girls leave the room, then there are 2
girls left.
Since there are not 5 times as many boys as girls, then 24 is not the correct answer.
lf the original number of children in the room is 32 (as in answer (D)), the number of boys is

]x32:T:24.

If thenumberof boysintheroomwasoriginally24,thenthenumberof girlswas32
If 4 boys leave the room, there arc 2}left and if 4 girls leave the room, then there are-24:8.
4 left.
Since there are 5 times as many boys as girls, then we know that the original number of children
is 32.
(Note: We may check that the final answer, 40, gives 30 boys and 10 girls originallv and when
4 boys and 4 girls leave the room there are 26 boys and 6 girls which again does not represent
5 times as many boys as girls.)

Solut'ion 2

Originally there are 3 times as many boys as girls, so if there are r girls in the room, then there
arc 3r boys.
If 4 boys leave the room, there are 3r - 4 boys remaining.
if 4 girls leave the room, there are r - 4 girls remaining.
At this point, there are 5 times as many boys as giris in the room.
That is, 5 x (r - 4) : 3r - 4 or 5r _ 20 :3r
- 4and so Sn - Jr :20 - 4 or 2r: 16 and so

f :8,

Therefore, the original number of girls in the room is 8 and the original number of boys is
3 x 8:24.
The original number of students in the room is 24* 8 : 32.

ANswen: (D)
20. Solut'ion 1
Call the given vertex of the rectangle (1,2) point X and name
each of the 5 answers to match the letters A through _8, as
shown.

v

Point E(1, -1) is 3 units below point X (since their

r-coordinates are equal and their gl-coordinates differ bV 3).
Thus, E(1, -1) could be the coordinates of a vertex of a
3by 4 rectangle having vertex X (X and E would be adiacent
vertices of the rectangle).

x

Point C(5, -1) is 3 units below and 4 units right of point X
(since their g-coordinates differ by 3 and their z-coordinates
differ bV a). Thus, C(s,-D could be the coordinates of a
vertex of a 3 by 4 rectangle having vertex X (X and C wouid
be opposite vertices of the rectangle).

Point A(-3,, -1) is 3 units below and 4 units left of point X (since their gr-coordinates differ by
3 and their r-coordinates differ bV D. Thus, A(-3,-1) could be the coordinates of a vertex of
a 3 by 4 rectangle having vertex X (X and, A would be opposite vertices of the rectangle).
Point D(-2,6) is 4 units above and 3 units left of point X (since their gr-coordinates differ by
4and their r-coordinates differ bV 3). Thus, D(-2,6) could be the coordinates of avertex of
a 3 by 4 rectangle having vertex X (X and D would be opposite vertices of the rectangle).
The only point remaining is B(1,

-5)

and since

it is possible for each of the other 4 answers to
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be one of the other vertices of the rectangle, then it must be (1, -5) that can not be
Point B(1, -5) is 7 units below point X (since their gt-coordinates differ bV 7).
How might we show that no two vertices of a 3 by 4 rectangle are 7 units apart?
(See Soiution 2).
Solutzon 2

The distance between any two adjacent vertices of a 3 by 4
rectangle PQRS is either 3 or 4 units (such as P and Q or Q

p

s

and .R, as shown).
The distance between any two opposite vertices of a rectangle 3
(such as P and R) can be found using the Pythagorean
Theorem.
R
4
In the right-angled. triangle PQR, we get PR2 : 32 + 4a ot A
pR2 : g + 16:25 and so PR : J25:5 (since PR > 0).
That is, the greatest distance between any two vertices of a 3 by 4 rectangle is 5 units.
As shown and explained in Solution 1, the distance between X(7,2) and B(1, -5) is 7 units'
Therefore (1, -5) could not be the coordinates of one of the other vertices of a 3 by 4 rectangle
having vertex X(I,2).
Axswnn: (B)
2L.

In square PQRS, PS :,Sfi and since M and
length, lhen MS: Sl/.
The area of ASMI/ is ] x MS x SN.
Since this area equals 18, then I x MS x Sl/:

l/

are midpoints of these sides having equal

18 or

MS x

Sl/:36

and so

MS:,S,ly':6

(since they are equal in length).
The side of the square, P,9, is equal in length to PM + MS:6* 6: L2 (since M is the
midpoint of PS) and so PS : SR: RQ : QP :12The area of LQMN is equal to the area of square PQRS minus the combined areas of the
three right-angled triangles, LSM N, AI/RO and AQPM.
Square PQRS has area PS x Sft : 72 x 12: t44'
A.SMN has area 18, as was given in the question.
A,^/ftQ has area
Qnx Rl/ : t x \2 x 6: 36 (since Sl/ : Rl/ : 6).

*"
LQPM has area i x QP x PM: ; x t2 x 6: 36.
Thus the area of LQM N is 144 - 18 - 36 - 36 : 54.

ANswnn: (E)

22. Let the number of adult tickets sold be a.
Since the price for each adult ticket is $12, then the revenue from all adult tickets sold (in
dollars) is 12 x a or 72a.
Since the number of child tickets sold is equal to the number of adult tickets sold, we can let
the number of child tickets sold be a, and the total revenue from all $6 child tickets be 6a (in
dollars).
In dollars, the combined revenue of all adult tickets and all child tickets is 124 + 6a : 184.
Since the total number of tickets sold is 120, and a aduit tickets were sold and a child tickets
were sold, then the remaining t20 - 2a tickets were sold to seniors.
Since the price for each senior ticket is $10, then the revenue from all senior tickets sold (in
dollars) is 10 x (120 - 2a).
Thus the combined revenue from all ticket sales is 10 x (120 - 2o) * 18a' dollars'
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The total revenue from the ticket sales was $1100 and so 10 x (120
-2") * 18a:1100.
Solving this equation, we get 10 x120 - 10 x 2al78a:1100 or 1200 -20a* 18a:1100 or
1200 - 2a: 1700 and so 2a: I00 or a : 50.
Therefore, the number of senior tickets sold for the concert was
120 - 2a:120 - 2(50) : L20 - 100 :20.
We may check that the number of tickets sold to each of the three groups gives the correct total
revenue.
Since the number of adult tickets sold was equal to the number of chitd tickets sold which was
equal to a, then 50 of each were sold.
The revenue from 50 adult tickets is 50 x $12: $600.
The revenue from 50 child tickets is 50 x $6: $300.
The revenue from 20 senior tickets is 20 x $10 : $200.
The total revenue from all tickets sold was $600 + $300 + $200 : $1100, as required.
Auswnn: (B)

23. The list of integers 4,4,r,gr,13 has been arranged from least to greatest, and so 41

r4Aandy<13.

n and"

4* 4*r-la ]_13:21-tr-tg and,so the average .4+ia
Since this average is a whole number, then 21 *rlg must be divisible by 5 (that is, 2Iir-fA

The sum of the 5 integers is

is a multiple of 5).
How small and how large can the sum 2I * r * g be?
we know that 4 ( r and r 1u, so the smallest thal rty can be is 4*4:8.
Since r+A is at least 8, then 2L|*r *g is at least 21 +8 :2g.
Using the fact that r ( g and y { 13,the largest that r I g canbe is 13 * 13 : 26.
Since r+A is at most 26,then2I*r *g is at most 2L+26:47.
The multiples of 5 between 29 and 47 are 30,35,40, and 45.
When 2l -l r * A :30, we get r f A : 30 - 2I : 9.
The only ordered pair (r,g) such that 4 { r and r < a and y { 13, and r * E
/\

\r,U) :

:

9

is

(4, bJ.

Continuing in this way, we determine
ditions in the table below.
Value of 211_ :r +
30
35

40
45

A

r*A
30-21:9

Value of
35
40
45

al1 possible values

(r,y)

r

such

y that satisfy the given

and

Ordered Pairs (r, y) with

- 2\: t4
- 2L: 19
- 21 :24

The number of ordered pairs
an integer is 11.

of

41 r

and

r{

con-

g and a <13

(4; 5)

4,I0

J

5,9

)

.6,8

.7,7)

6, 13), (7,L2), (8, 11), (9, 10)

11,13

l7

L2,12

that the average of the 5 integers 4,4,tr,gr,13 is itself
Awswnn: (E)

24. The two joggers meet every 36 seconds.
Therefore, the combined distance that the two joggers run every 36 seconds is equal to the total
distance around one lap of the oval track, which is constant.
Thus the greater the first jogger's constant speed, the greater the distance that they run every
36 seconds, meaning the secoild jogger runs less distance in the same time (their combined
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distance is constant) and hence the smaller the second jogger's constant speed.
Conversely, the slower the first jogger's constant speed, the less distance that they run every
36 seconds, meaning the second jogger must run a greater distance in this same time and hence
the greater the second jogger's constant speed.

This tells us that if the first jogger completes one lap of the track as fast as possible, which
is in 80 seconds, then the second jogger's time to complete one lap of the track is as slow as
possible.

We

will call this time t,no,, the maximum possible time that it

takes the second jogger to

complete one lap of the track.
Similarly, if the first jogger completes one lap of the track as slowly as possible, which is in 100
seconds, then the second jogger's time to complete one lap of the track is as fast as possible.
We will call this time t,n6, the minimum possible time that it takes the second iogger to
complete one lap of the track.

Finding the value of t*o*
Recall that t*o, is the time it takes the second jogger to complete one lap when the first jogger
completes one 1ap of the track in 80 seconds.
If the first jogger can complete one lap of the track in 80 seconds, then in 36 seconds of running,

:
the fi.rst jogger wili compl"t.
# joggers
* ot a complete lap of the track.
In this same 36 seconds, the two
combined distance running is 1 iap, and so the second
jogger runs 1 -

q
;:;

11

of a complete lap.

If the second jogger ,rrn, I of a complete lap in 36 seconds, then the second jogger runs

20 11

ll ,20
-x-:1comn

'o
,rlete lap ,r

rox 3tj :
f

,

Tzo

ff

,."orras. Thus,

t^o,: 11 :

65.45 seconds.

Finding the value of t,n6
Recall that t^,;n is the time it takes the second jogger to complete one lap when the first jogger
completes one lap of the track in 100 seconds.
If the first jogger can complete one lap of the track in 100 seconds, then in 36 seconds of
running, the first jogger will compl*tu fl : 3 of a complete lap of the track.
In this same 36 seconds, the two:ogg.rl%%-Uff"a distance running is 1 lap, and so the second
jogger runs 1 -

:
3
r-- lap.
r
25 *25of a complete

If the second jogger ,.rrm f of a complete lap in 36 seconds, then the second jogger
goo
2b 16 -l complete
,, ,lap tr?'r, x 36:
, m1
^^ gooseconds.
:56.25 seconds.
Thus, tmin:

G" 25:

G

*

runs

*

Determining the product of the smallest and largest integer values of I
Since the second jogger completes 1 lap of the track in at most 65.6 seconds, then the largest
possible integer value of f is 65 seconds.
The second jogger completes 1 lap of the track in at least 56.25 seconds, so then the smallest
possible integer value of t is 57 seconds.
Finaily, the product of the smaliest and largest integer values of t is 57 x 65 : 3705.
ANswen: (A)
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25. Let the alternating sum of the digits be S.
If the 7-digit integer rs abcdefg, then S : a - b + c- d,t e - f + g.
, This sum can be grouped into the digits which contribute positively to the sum, and those
which contribute negatively to the sum.
Rewriting the sum in this way) we get,S : (a* cI e I g) - (b + d+ f).
Taking the 4 digits which contribute positively to (there are always 4), we let P : al c* e-f g
^9
Similarly, taking the 3 digits which contribute negatively to ,S (there are always 3), we let
N:b+d+ f .
p - N.
Thus, it follows that S (a * c* e g) (b + d + f)
.

:

I

:

-

We determine the largest possible value of S by choosing the 4 largest integers , 4,5,0,2 (in any
order), to make up P, and choosing the 3 smallest integers, 7,2,9 (in any order), to make up
,^/.

That is, the iargest possible alternating sum is S : (4 + 5 + 6 + T)- (1 + 2 + J): 16.
We determine the smallest possible value of S by choosing the 4 smallest integers, I,2,3,4 (in
any order), to make uP P, and choosing the 3largest integers, 5,6,7 (in any order), to make
up l/.
That is, the smallest possible alternating sum is s : (1 + 2 + 3 + 4) (5 + 6 + 7)
- -9.
Since ,S must be divisible by 11 (with ,s >
:
<
and
S
16),
then
either
,S
11
or
S : 0.
-8
The sum of the first 7 positive integers is 1* 2+3+4+5+ 61_7:28, and since each of these
7 integers must contribute to either P or to ly', then P + l/ :28.
Case 1: The alternating sum of the digits is 11 ,Of,S:11
If ^9 : 11, then S : P- l/ - 11. If P - N is 11 (an odd number), then either P is an even
number and l/ is odd, or the opposite is true (they can't both be odd and they can't both be
even).

That is, the difference between two integers is odd only if one of the integers is even and the
other is odd (we say that P and l/ have d'ifferent pari,ty).
However, if one of P or ly' is even and the other is odd, then their sum P * l/ is also odd.
But we know thai P + l/ : 28, an even number.
Therefore, it is not possible that S : 11.
There are no 7-digit integers formed from the integers 1 through 7 that have an alternating
digit sum of 11 and are divisible by 11.
Case 2: The alternating sum of the digits is 0 , Of

,9:0

If ,S:0,then S:P -,4/-0andsoP:ly'.

Since P + l/ - 28, then P: ly': 14.
We find all groups of 3 digits, chosen from the digits I to 7, such that their sum N : 14.
There are exactly 4 possibilities: (7,6, 1), (2, 5,2), (7,4,3), and (6,5,3).
In each of these 4 cases, the digits from 1 to 7 that were not chosen, (2,3,4,5), (1,3,4,6), (1,2, 5,6),
and (1, 2,4,7), respectively, represent the 4 digits whose sum is p : 14.
We summarize this in the table below.

4 digits whose
sum is P :74

3 digits whose

sumis

N:I4

2,3,4,5

7 6

I,3,4,6

7,5,2
7,4,3
6, 5,3

7,2,5,6
7,2,4,7

J

1

2 examples of 7-digit
integers created from these
2736415,3126475
1735426,6745321
2714536,576324r
4615237,764523r
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Consider the first row of numbers in this table above.
Each arrangement of the 4 digits 2,3,4,5 combined with each arrangement of the 3 digits
(in the required way) gives a new 7-digit integer whose alternating digit sum is 0.
Two such arrangements are shown (you may check that S:0 for each).

7,6,I

Sincethereare4x3x2xl:24waystoarrangethe4digits(4choicesforthefirstdigit,3
choicesforthesecond,2choicesforthethirdandlchoiceforthelastdigit),and3x2x1:6

ways to arrange the 3 digits, then ..there are 24 x 6 : L44 ways to arrange the 4 digits and the
3 digits.
Each of these I44 arcangements is different from the others, and since P : N : 14 for each
then ,S - P - ly':0 and so each of lhe 744 7-digit numbers is divisible by 11.
Simiiarly, there are also I44 arrangements that can be formed with each of the other 3 groups
of integers that are shown in the final 3 rows of the table.
That is, there are a total of 744 x 4:576 7-digit integers (formed from the integers 1 through
7) which are divisible by 11.
The total number of 7-digit integers that can be formed from the integers 1 through 7 is equal to
the total number of arrangements of the integers l through 7, or 7 x 6 x 5 x4x3x2xI:5040.
Therefore, when the digits 1 through 7 are each used to form a random 7-digit integer, the

probability that the number formed is divisible by 11 ir

gg : L.
5040 35'

Axswnn:

(E)

@

